We discuss an approach to obtaining black hole quasinormal modes (QNMs) using the asymptotic iteration method (AIM), initially developed to solve second order ordinary differential equations.
I. INTRODUCTION
The study of quasinormal modes (QNMs) of black holes is an old and well established subject, where the various frequencies are indicative of both the parameters of the black hole and the type of emissions possible. Initially the calculation of these frequencies was done in a purely numerical way, which requires selecting a value for the complex frequency, integrating the differential equation, and checking whether the boundary conditions are satisfied. Note that in the following we shall use the definition that QNMs are defined as solutions of the perturbed field equations with boundary conditions:
for an e −iωt time dependence (which corresponds to ingoing waves at the horizon and outgoing waves at infinity).
Also note the boundary condition as x → ∞ does not apply to asymptotically anti-de Sitter spacetimes, where instead something like a Dirichlet boundary condition is imposed, for example see Ref.
[1]. Since those conditions are not satisfied in general, the complex frequency plane must be surveyed for discrete values that lead to QNMs. This technique is time consuming and cumbersome, making it difficult to systematically survey the QNMs for a wide range of parameter values. Following early work by Vishveshwara [2] , Chandrasekhar and Detweiler [3] pioneered this method for studying QNMs.
In order to improve on this, a few semi-analytic analyses were also attempted. In one approach, employed by Mashoon et al. [4] , the potential barrier in the effective one-dimensional Schrödinger equation is replaced by a parameterized analytic potential barrier function for which simple exact solutions are known. The overall shape approximates that of the true black hole barrier, and the parameters of the barrier function are adjusted to fit the height and curvature of the true barrier at the peak. The resulting estimates for the QNM frequencies have been applied to the Schwarzschild, Reissner-Nordström and Kerr black holes, with agreement within a few percent with the numerical results of Chandrasekhar and Detweiler in the Schwarzschild case [3] , and with Gunter [5] in the ReissnerNordström case. However, as this method relies upon a specialized barrier function, there is no systematic way to estimate the errors or to improve the accuracy.
The method by Leaver [6] , which is a hybrid of the analytic and the numerical, successfully generates QNM frequencies by making use of an analytic infinite-series representation of the solutions, together with a numerical solution of an equation for the QNM frequencies which involves, typically by applying a Frobenius series solution approach, the use of continued fractions. This technique is known as the continued fraction method (CFM).
Historically, another commonly applied technique is the WKB approximation [7] . Even though it is based on an approximation, this approach is powerful as the WKB approximation is known in many cases to be more accurate, and can be carried to higher orders, either as a means to improve accuracy or as a means to estimate the errors explicitly. Also it allows a more systematic study of QNMs than has been possible using outright numerical methods. The WKB approximation has since been extended to sixth-order [8] .
However, all of these approaches have their limitations, where in recent years a new method has been developed which can be more efficient in some cases, called the asymptotic iteration method (AIM). Previously this method was used to solve eigenvalue problems [9] as a semi-analytic technique for solving second-order homogeneous linear differential equations. It has also been successfully shown by some of the current authors that the AIM is an efficient and accurate technique for calculating QNMs [10] .
As such, we will review the AIM as applied to a variety of black hole spacetimes, making (where possible) comparisons with the results calculated by the WKB method and the CFMá la Leaver [6] . Therefore, the structure of this paper shall be: In Sec. II we shall review the AIM and the improved method of Ciftci et al. [9] (also see Ref. [11] ), along with a discussion of how the QNM boundary conditions are ensured. Applications to simple concrete examples, such as the harmonic oscillator and the Poschl-Teller potential are also provided. In Sec. III the case of Schwarzschild (A)dS black holes shall be discussed, developing the integer and half-spin equations. In Sec. IV a review of how the QNMs of the Reissner-Nordström black holes shall be made, with several frequencies calculated in the AIM and compared with previous results. Sec. V will review the application of the AIM to Kerr black holes for spin 0, 1/2, 2 fields. Sec. VI will discuss the spin-zero QNMs for doubly rotating black holes. We then summarize and conclude in Sec. VII.
II. THE ASYMPTOTIC ITERATION METHOD

A. The Method
To begin we shall now review the idea behind the AIM, where we first consider the homogeneous linear second-order differential equation for the function χ(x), χ = λ 0 (x)χ + s 0 (x)χ , (2.1)
where λ 0 (x) and s 0 (x) are functions in C ∞ (a, b). In order to find a general solution to this equation, we rely on the symmetric structure of the right-hand of Eq. (2.1) [9] . If we differentiate Eq. (2.1) with respect to x, we find that Iteratively, for the (n + 1) th and the (n + 2) th derivatives, n = 1, 2, ..., we have χ (n+1) = λ n−1 (x)χ + s n−1 (x)χ , (2.2) and thus bringing us to the crucial observation in the AIM is that differentiating the above equation n times with respect to x, leaves a symmetric form for the right hand side:
where λ n (x) = λ n−1 (x) + s n−1 (x) + λ 0 (x)λ n−1 (x) and
For sufficiently large n the asymptotic aspect of the "method" is introduced, that is: 5) where the QNMs are obtained from the "quantization condition" 6) which is equivalent to imposing a termination to the number of iterations [11] . From the ratio of the (n + 1) th and the (n + 2) th derivatives, we have
From our asymptotic limit, this reduces to
which yields
where C 1 is the integration constant and the right-hand side of Eq. (2.4) and the definition of β(x) have been used. Substituting this into Eq. (2.2), we obtain the first-order differential equation 10) which leads to the general solution
The integration constants, C 1 and C 2 , can be determined by an appropriate choice of normalisation. Note, that for the generation of exact solutions C 1 = 0.
B. The Improved Method
Ciftci et al. [9] were among the first to note that an unappealing feature of the recursion relations in Eqs. (2.4) is that at each iteration one must take the derivative of the s and λ terms of the previous iteration. This can slow the numerical implementation of the AIM down considerably and also lead to problems with numerical precision.
To circumvent these issues we developed an improved version of the AIM which bypasses the need to take derivatives at each step [10] . This greatly improves both the accuracy and speed of the method. We expand the λ n and s n in a Taylor series around the point at which the AIM is performed, ξ:
12) 13) where the c i n and d i n are the i th Taylor coefficient's of λ n (ξ) and s n (ξ) respectively. Substituting these expressions into Eqs. (2.4) leads to a set of recursion relations for the coefficients:
14)
In terms of these coefficients the "quantization condition" Eq. (2.6) can be re-expressed as
and thus we have reduced the AIM into a set of recursion relations which no longer require derivative operators.
Observing that the right hand side of Eqs. (2.14) and (2.15) involve terms of order at most n − 1, one can recurse these equations until only c i 0 and d i 0 terms remain (that is, the coefficients of λ 0 and s 0 only). However, for large numbers of iterations, due to the large number of terms, such expressions become impractical to compute. We avert this combinatorial problem by beginning at the n = 0 stage and calculating the n + 1 coefficients sequentially until the desired number of recursions is reached. Since the quantisation condition only requires the i = 0 term, at each iteration n we only need to determine coefficients with i < N − n, where N is the maximum number of iterations to be performed. The QNMs that we calculate in this paper will be determined using this improved AIM.
C. Two Simple Examples
The Harmonic Oscillator
In order to understand the effectiveness of the AIM, it is appropriate to apply this method to a simple concrete problem: The harmonic oscillator potential in one dimension,
When |x| approaches infinity, the wave function φ must approach zero. Asymptotically the function φ decays like a Gaussian distribution, in which case we can write 
We recognise this as Hermite's equation. For convenience we let 1 − E = −2j, such that in our case λ 0 = 2x and s 0 = −2j. We define
Thus using Eqs. (2.4) one can find that 21) and the termination condition Eq. (2.6) can be written as δ n = 0. Hence j must be a non-negative integer, which means .22) and this is the exact spectrum for such a potential. Moreover, the wave function φ(x) can also be derived in this method.
We should point out that in this case the termination condition, δ n = 0, is dependent only on the eigenvalue j for a given iteration number n, and this is the reason why we can obtain an exact eigenvalue. However, for the black hole cases in subsequent sections, the termination condition depends also on x, and therefore one can only obtain approximate eigenvalues by terminating the procedure after n iterations.
The Poschl-Teller Potential
To conclude this section we will also demonstrate that the AIM can be applied to the case of QNMs, which have unbounded (scattering) like potentials, by recalling that we can find QNMs for Scarf II (upside-down Poschl-Tellerlike) potentials [12] . This is based on observations made by one of the current authors [13] relating QNMs from quasi-exactly solvable models. Indeed bound state Poschl-Teller potentials have been used for QNM approximations previously by inverting black hole potentials [4] . However, the AIM does not require any inversion of the black hole potential as we shall show.
Starting with the potential term 23) and the Schrödinger equation, we obtain:
As we shall also see in the following sections, it is more convenient to transform our coordinates to a finite domain. Hence, we shall use the transformation y = tanh x, which leads to 25) where −1 < y < 1. The QNM boundary conditions in Eq. (1.1) can then be implemented as follows. As y → 1 we shall have ψ ∼ e ∓iωx ∼ (1 − y) ±iω/2 . Hence our boundary condition ψ ∼ e iωx ⇒ ψ ∼ (1 − y) −iω/2 . Likewise, as y → −1 we have ψ ∼ e ±iωx ∼ (1 + y) ±iω/2 and the boundary condition ψ ∼ e −iωx ⇒ ψ ∼ (1 + y) −iω/2 . As such we can take the boundary conditions into account by writing 26) and therefore have 27) where
28)
Following the AIM procedure, that is, taking δ n = 0 successively for n = 1, 2, · · · , one can obtain exact eigenvalues:
This exact QNM spectrum is the same as the one in Ref. [13] obtained through algebraic means.
The reader might wonder about approximate results for cases where Poschl-Teller approximations can be used, such as Schwarzschild and SdS backgrounds, e.g., see Refs. [1, 4] . In fact when the black hole potential can be modeled by a Scarf like potential the AIM can be used to find the eigenvalues exactly [12] and hence the QNMs numerically. We demonstrate this in the next section.
III. SCHWARZSCHILD (A)DS BLACK HOLES
We shall now begin the core focus of this review, the study of black hole QNMs using the AIM. Recall that the perturbations of the Schwarzschild black holes are described by the Regge-Wheeler [14] and Zerilli [15] equations, and the perturbations of Kerr black holes are described by the Teukolsky equations [16] . The perturbation equations for Reissner-Nordström black holes were also derived by Zerilli [17] , and by Moncrief [18] [19] [20] . Their radial perturbation equations all have a one-dimensional Schrödinger-like form with an effective potential.
Therefore, we shall commence in the coming subsections by describing the radial perturbation equations of Schwarzschild black holes first, where our perturbed metric shall be g µν = g 0 µν + h µν , and where g 0 µν is spherically symmetric. As such it is natural to introduce a mode decomposition to h µν . Typically we write
where Y lm (θ, φ) are the standard spherical harmonics. The function u l (r, t) then solves the wave equation
where x, defined by dx = dr/f (r), are the so-called tortoise coordinates and V (x) is a master potential of the form [21] V (r) = f (r) ( + 1)
In this section
with cosmological constant Λ. Here s = 0, 1, 2 denotes the spin of the perturbation: scalar, electromagnetic and gravitational (for half-integer spin see Refs. [22] [23] [24] and Sec. V B).
A. The Schwarschild Asymptotically Flat Case
To explain the AIM we shall start with the simplest case of the radial component of a perturbation of the Schwarzschild metric outside the event horizon [15] . For an asymptotically flat Schwarzschild solution (Λ = 0)
where from dx = dr/f (r) we have 6) for the tortoise coordinate x. Note that for the Schwarzschild background the maximum of this potential, in terms of r, is given by [25] 
The choice of coordinates is somewhat arbitrary and in the next section (for SdS) we will see how an alternative choice leads to a simpler solution. Firstly, consider the change of variable:
with 0 ≤ ξ < 1. In terms of ξ, our radial equation then becomes
To accommodate the out-going wave boundary condition ψ → e iωx = e iω(r+2M ln(r/2M −1)) as (x, r) → ∞ in terms of ξ (which is the limit ξ → 1) and the regular singularity at the event horizon (ξ → 0), we define 10) where the Coulomb power law is included in the asymptotic behaviour (cf. Ref. [6] Eq. (5)). The radial equation then takes the form:
where
12)
Note that primes of χ denote derivatives with respect to ξ. Using these expressions we have tabulated several QNM frequencies and compared them to the WKB method of Ref. [25] and the CFM of Ref. [6] in Table I . For completeness Table I also includes results from an approximate semi-analytic 3rd order WKB method [25] . More accurate semi-analytic results with better agreement to Leaver's method can be obtained by extending the WKB method to 6th order [8] and indeed in Sec. V we use this to compare with the AIM for results where the CFM has not been tabulated.
It might also be worth mentioning that a different semi-analytic perturbative approach has recently been discussed by Dolan and Ottewill [26] , which has the added benefit of easily being extended to any order in a perturbative scheme.
B. The de-Sitter Case
We have presented the QNMs for Schwarzchild gravitational perturbations in Table I , however, to further justify the use of this method, it is instructive to consider some more general cases. As such, we shall now consider the Schwarzschild de Sitter (SdS) case, where we have the same WKB-like wave equation and potential as in the radial equation earlier, though now
where Λ > 0 is the cosmological constant. Interestingly the choice of coordinates we use here leads to a simpler AIM solution, because there is no Coulomb power law tail; however, in the limit Λ = 0 we recover the Schwarzschild results. Note that although it is possible to find an expression for the maximum of the potential in the radial equation, for the SdS case, it is the solution of a cubic equation, which for brevity we refrain from presenting here. In our AIM code we use a numerical routine to find the root to make the code more general.
In the SdS case it is more convenient to change coordinates to ξ = 1/r [1], which leads to the following master equation (cf. Eq. (3.3))
15)
TABLE I. QNMs to 4 decimal places for gravitational perturbations (s = 2) where the fifth column is taken from Ref. [25] .
Note that the imaginary part of the n = 0, = 2 result in [25] has been corrected to agree with Ref. [6] .
[*] Note also that if the number of iterations in the AIM is increased, to say 50, then we find agreement with Ref. [6] where we have defined
It may be worth mentioning that for SdS we can express [1]:
in terms of the roots of f (r), where ξ 1 is the event horizon and ξ 2 is the cosmological horizon (and κ n is the surface gravity at each ξ n ). This is useful for choosing the appropriate scaling behaviour for QNM boundary conditions. Based on the above equation an appropriate choice for QNMs is to scale out the divergent behaviour at the cosmological horizon:
in terms of ξ. Furthermore, based on the scaling in Eq. (3.18), the correct QNM condition at the horizon ξ 1 implies
with ξ 1 = 1/r 1 , and r 1 is the smallest real solution of f (r) = 0, implying p = 0. The differential equation then takes the standard AIM form:
Using these equations, we present in Table II results for SdS with s = 2. Identical results were generated by the AIM and CFM, both after 50 iterations. Though results are presented for n = 1, 2, 3, = 2, 3 modes only, the AIM is robust enough to be applied to any other case; where like the Λ = 0 case, agreement with other methods in more extreme parameter choices would only require further iterations.
As far as we are aware only Ref. [27] (who used a semi-analytic WKB approach) has presented tables for general spin fields for the SdS case. We have also compared our results to those in Ref. [27] for the s = 0, 1 cases and find identical results (to a given accuracy in the WKB method).
It may be worth mentioning that a set of three-term recurrence relations was derived in Ref. [10] for the CFM, valid for electromagnetic and gravitational perturbations (s = 1, 2), while for s = 0 this reduces to a five-term recurrence relation. However, for the AIM we can treat the s = 0, 1, 2 perturbations on an equal footing, see Ref.
[10] for more details. Typically n Gaussian Elimination steps are required to reduce an n + 3 recurrence to a 3-term continued fraction, e.g., for Reissner-Nördtrom see Ref. [28] and for higher-dimensional Schwarzschild backgrounds see Ref. [29] (for an application of the CFM to higher dimensional asymptotic QNMs see [30] ). However, all that is necessary in the AIM is to factor out the correct asymptotic behaviour at the horizon(s) and infinity (we showed this for higher-dimensional scalar spheroids in Ref. [31] ).
C. The Spin-Zero Anti-de-Sitter Case
There are various approaches to finding QNMs for the SAdS case (an eloquent discussion is given in the appendix of Ref. [32] , see also [33] ). One approach is that of Horowitz and Hubeny [34] , which uses a series solution chosen TABLE II. QNMs to 6 significant figures for Schwarzschild de Sitter gravitational perturbations (s = 2) for = 2 and = 3 modes. We only present results for the AIM method, because the results are identical to those of the CFM after a given number of iterations (in this case 50 iterations for both methods). The n = 1, 2 modes can be compared with the results in Ref. [27] for s = 2. to satisfy the SAdS QNM boundary conditions. This method can easily be applied to all perturbations (s = 0, 1, 2). The other approach is to use the Frobenius method of Leaver [6] , but instead of developing a continued fraction the series must satisfy a boundary condition at infinity, such as a Dirichlet boundary condition [1].
The AIM does not seem easy to apply to metrics where there is an asymptotically anti-de Sitter background, because for general spin, s, the potential at infinity is a constant and hence would include a combination of ingoing and outgoing waves, leading to a sinusoidal dependence [35] . However, for the scalar spin zero (s = 0) case, the potential actually blows up at infinity and is effectively a bound state problem. In this case the AIM can easily be applied as we show below.
Let us consider the scalar wave equation in SAdS spacetime, where Λ = −3/R 2 , and R is the AdS radius. The master equation takes the same form as for the graviational case, except that the potential becomes
Here for simplicity we have taken the AdS radius R = 1, the mass of the black hole M = 1, and the angular momentum number l = 0. Hence the horizon radius r + = 1. Thus, with this choice we can compare with the data in Table 3 .2 on page 37 of Ref. [36] (see Table III below).
To implement the AIM we first look at the asymptotic behavior of ψ. As r → r + = 1, the potential V goes to zero. In addition,
For QNMs we choose the "out-going" (into the black hole) boundary condition. That is,
On the other extreme of our space, r → ∞, the potential goes to infinity. This is a crucial difference from the case of gravitational perturbations. In that case, the potential goes to a constant. However, in the scalar case, as r → ∞, ψ ∼ (1/r) ± √ 2+1/2 and to implement the Dirichlet boundary condition, we take
For the AIM one possible choice of variables is
and we see that to accommodate the asymptotic behaviour of the wavefunction we should take
Finally, after some work we find the scalar perturbation equation is
32) 33) and q = (−4 + 9ξ − 7ξ 2 + 2ξ 3 ). Using the AIM we find the results presented in Table III below. 
IV. REISSNER-NORDSTRÖM BLACK HOLES
The procedure for obtaining the quasinormal frequencies of Reissner-Nordström black holes in four-dimensional spacetime is similar to that of our earlier cases. Starting with the Reissner-Nordström metric
and |Q| ≤ 1 2 is the charge of the black hole. If we consider perturbations exterior to the event horizon, the perturbation equations of the Reissner-Nordström (charged and non-rotating) geometry can be separated into two pairs of Schrödinger-like equations, which describe the even-and odd-parity oscillations respectively [17] [18] [19] [20] . They are given by
where (+) corresponds to even-and (−) to odd-parity modes:
3)
for i = j = 1, 2 (i = j) where
q 1 = 1 2 3 + 9 + 16Q 2 (l − 1)(l + 2) , (4.8) 9) and ρ = −iω. Here ω is the frequency, l the angular momentum parameter and r − and r + the radii of the inner and outer (event) horizons of the black hole respectively. Note that r + = 1 and r − = 0 at the Schwarzschild limit (Q = 0); r + = r − = 1 2 at the extremal limit (Q = 1 2 ). Here the tortoise coordinate is given by
which ranges from −∞ at the event horizon to +∞ at spatial infinity. The QNMs of the Reissner-Nordström black holes are ordinarily accompanied by the emission of both electromagnetic and gravitational radiation, except at the Schwarzschild limit [28, 37] . Eq. (4.2) corresponds to purely gravitational perturbations for the radial wave functions Z (±) 2 and purely electromagnetic perturbations for Z (±) 1 at the Schwarzschild limit. Chandrasekhar [38] has shown that the solution Z for the odd-parity oscillations have the relationship in the even-parity equation, it is customary to compute the QNMs for the odd-parity modes.
Note that the mass M of the Reissner-Nordström black hole has been scaled to 2M = 1, so its quasinormal frequencies are uniquely determined by the charge Q, the angular momentum l, and the overtone number n of the mode.
The following procedure is similar to that in Sec. III. At first we change r to the variable x in Eq. (4.2) for the odd-parity mode. From Eq. (4.5) we have 
Considering the QNM boundary conditions in the Reissner-Nordström case 15) and incorporating this into the radial wave function Z where Γ Z is defined by 
For the same reason as in Sec. III, here we change the variable r to ξ by the definition ξ = 1 − r+ r , which ranges from 0 at the event horizon to 1 at spatial infinity. Thus we have 
The numerical results to four decimal places are presented in Table IV , V and VI. They are compared with ρ Leaver and ρ W KB from Refs. [28] and [37] respectively. The quasinormal frequencies appear as complex conjugate pairs in ρ; we list only the ones with Im(ρ) > 0. Note that we arrange ρ as (Im(ρ), Re(ρ)). In Table VI Table IV reduce to the purely gravitational QNMs in the Schwarzschild case at Q = 0, while the QNMs of l = 2 and i = 1 in Table V reduce to the purely electromagnetic QNMs at Q = 0.
Some comments on the higher (n = 2) overtones for the Reissner-Nordström black hole for the extremal limit (Q = 1/2) are perhaps necessary. In general, much like the CFM the AIM begins to break down for larger overtones, requiring more iterations. However, near the extremal limit (Q = 1/2) the horizons become degenerate and the singularity structure of the corresponding differential (radial) equation changes [39] (the number of singular points are different in the non-extremal and the extremal cases), and causes the current implementation of the AIM (cf. 4.16) to break down. Thus, we see in Tables IV-VI that for Q = 0.495 some of the values have large errors when compared to the CFM.
V. KERR BLACK HOLES
A rotating black hole carrying angular momentum is described by the Kerr metric (in Boyer-Lindquist coordinates) as
and where a is the Kerr rotation parameter with 0 ≤ a ≤ M , M being included as a general black hole mass. The horizons r − and r + are again the inner and the outer (event) horizons respectively. Teukolsky [16] showed that the perturbation equations in the Kerr geometry are separable, where the separated equations for the angular wave function s S lm (θ) and the radial wave function R(r) are given by:
where the function
In the above u = cos θ, s is the spin weight, s A lm is the spin-weighted separation constant for the angular equation, and m is another angular momentum parameter. For completeness the evaluation of the separation constant s A lm using the AIM is discussed in Appendix A.
In order to use the AIM we need to solve for the angular solution in the radial equation. However, for nonzero s the effective potential of the radial equation is in general complex. A straight forward application of the AIM does not give the correct answer. In fact a similar problem occurs in both numerical [40] and WKB [7] methods. For this reason we shall look at each of the spin cases (0, Because the AIM works better on a compact domain, we define a new variable y = 1 − r+ r , which ranges from 0 at the event horizon (r = r + ) to 1 at spatial infinity. It is then necessary to incorporate the boundary conditions, which expressed in the new compact domain, where 
where and
In the above we have defined 12) and 13) where ∆ = r 2 + a 2 − 2M r,
and a is again our rotation parameter. Eq. (5.9) is now in the correct form to use the AIM for QNM frequency calculations. Note that the potential, V is 15) where the angular separation constant is defined via λ = A l,m + a 2 ω 2 − 2amω.
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As presented in Tables VII and VIII are the QNM frequencies for the scalar perturbations of the Kerr black hole with the two "extreme" (minimum and maximum) values of the angular momentum per unit mass, that is, a = 0.00 and a = 0.80. m was set to 0, while l was given values of 0, 1 and 2 and n varied accordingly. Table VII are the numerically determined QNM frequencies published by Leaver in 1985 [6] . The percentages bracketed under each QNM frequency via the AIM are the percentage differences between the calculated value and the numerical value published by Leaver. With the exceptions of the QNM frequencies for l = 0, n = 0 and l = 2, n = 2, the AIM values correspond to the CFM up to four decimal places and even those "anomalies" differ by less than 0.30%. Proving, at least in this case, the AIM is a precise semi-analytical technique.
Included in
In Table VIII , all three values were calculated in this work, even though published values are available for the third order WKB(J), at least graphically, where numerical values using the CFM were taken from Ref. [41] . Since the WKB(J) is a generally accepted semi-analytical technique for QNM frequency calculations, the percentages below the AIM values are the differences to the sixth order WKB(J) values. Only in the case of l = 0, n = 0 does the AIM QNM frequency significantly differ from the sixth order WKB(J) value. Note that in an upcoming work, further values will be presented for values of a = 0.20, a = 0.40 and a = 0.60, with the same variations of l and n with M = 1 [42] . For the spin-1/2 case we would like to know how the AIM can be used to derive an appropriate form of the Dirac equation in this spacetime background using the basis set up by four null vectors which are the basis of the NewmanPenrose formalism, for further details see Ref. [42] . That is, in the Kerr background we adopt the following vectors Numerical data via the CFM taken from [41] , where the AIM was set to run at 15 iterations. as the null tetrad:
wherem j andm j are nothing but complex conjugates of m j and m j respectively.
It is clear that the basis vectors basically become derivative operators when these are applied as tangent vectors to the function e i(ωt+mφ) . Therefore we can write
where,
and K = (r 2 + a 2 )ω + am with Q = aω sin θ + m csc θ.
The spin coefficients can be written as a combination of basis vectors in the Newman-Penrose formalism which are now expressed in terms of the elements of different components of the Kerr metric. So by combining these different components of basis vectors in a suitable manner we get the spin coefficients as
Using the above definitions, and by choosing: f 1 =ρ * F 1 , g 2 =ρG 2 , f 2 = F 2 and g 1 = G 1 (where F 1,2 and G 1,2 are a pair of spinors) the Dirac equation reduces to
We separate the Dirac equation into radial and angular parts by choosing,
Replacing these f j and g j (j = 1, 2) and using λ as the separation constant, we get,
, where 2
is redefined as R − satisfies the complex-conjugate equation. Furthermore, unlike the case of a scalar particle, a spin half particle is not capable of extracting energy from a rotating black hole, that is, there is no Penrose Process (superradiance) equivalent scenario [42] .
Returning now to the AIM, recall that it shall work better on a compact domain, where we define a new variable y 2 = 1 − r+ r , which ranges from 0 at the event horizon (r = r + ) to 1 at spatial infinity. It is then necessary to incorporate the boundary conditions, which expressed in the new compact domain is
where we have defined
and ψ satisfies the WKB(J)-like equation:
with potential
+ am/ω (for more details see [42] ).
By making the change of coordinates and change of functions, our equation takes the form
where as in Sub-Sec.V A we have
and
As presented in Table IX and Table X the QNM frequencies for the spin half perturbations of the Kerr black hole with the two "extreme" values of the angular momentum per unit mass, that is a = 0.00 and a = 0.80, m was set to 0, while l was given values of 0, 1 and 2 and n varied accordingly. Table IX are the numerically determined QNM frequencies published by Jing et al. [43] . Even though the WKB method has been used to calculate the Schwarzschild limit QNM frequencies before [24] , the sixth order WKB values and AIM values are novel to this work and shall be explored more fully in Ref. [42] . The percentages bracketed under each QNM frequency, is the percentage difference between the calculated value and the numerical value published by Jing et al. [43] .
As expected, since there are additional correction terms, the sixth order WKB QNM frequencies are closer to the numerical values than the third order WKB values. While the AIM does not prove as accurate in its calculation of the spin half QNM frequencies as it did with the scalar values (both for 15 iterations), none of the differences between the AIM values and the numerical values exceed 0.30%, except for when l = 2, n = 2 (better accuracy can be achieved by increasing the number of iterations). Table X are the numerically determined QNM frequencies published by Jing et al. [43] . Both the third and sixth order WKB values along with the AIM values are novel to this work and shall also be explored more fully in Ref. [42] . The percentages bracketed under each QNM frequency, are the percentage differences between the calculated value and the numerical value published by Jing et al., at least for l = 0 and l = 1. For l = 2, the AIM values are compared to the sixth order WKB values. As already noted, since there are additional correction terms, the sixth order WKB QNM frequencies are closer to the numerical values than the third order WKB values. Again the AIM does not appear to be as precise in calculating the QNM frequencies for spin half perturbations of the Kerr black hole as it was for the scalar perturbations (at least for 15 iterations). As we mentioned, additional tables and plots of these Kerr processes shall constitute a future work [42] . Numerical data via the CFM taken from [43] , where the AIM was set to run at 15 iterations. As we have mentioned earlier, the radial equation for nonzero spin s is in general complex. In fact, it does not even reduce to the Regge-Wheeler and Zerilli equations when the rotation parameter a → 0. Detweiler [40] has found a way to overcome this problem, where he defined a new function
Similarly in
If the functions α(r) and β(r) are required to satisfy 32) then it can be shown that the radial equation in Eq. (5.5) becomes
36)
As Detweiler has indicated, it is possible to choose the functions α(r) and β(r) so that the resulting effective potential V (r) is real and has the form
When the Kerr rotation parameter a approaches zero, the potential V in Eq. (5.38) coincides with the Regge-Wheeler potential for negative κ, and coincides with the Zerilli potential for positive κ. Here we choose κ to be negative, where the choice of the sign in Eq. (5.42) is determined by the sign of m [7, 40] .
The QNM boundary conditions for X are where
As we did earlier, we define the variable ξ = 1 − r + /r which has a compact domain 0 < ξ < 1. Eq. (5.48) can then be written in the AIM form
51)
The results for the gravitational (spin-two) case are presented in Tables XI and XII . In general the error in the separation constant is smaller than that of the quasinormal frequencies. As for the quasinormal frequencies the error in the Kerr case is larger than that of either the Schwarzschild or the Reissner-Nordström cases, where this is due to our consideration of the angular and the radial equations simultaneously. The number of iterations that can be performed in the code is relatively small, much like the number of continued fractions in the CFM is typically smaller due to the coupling between radial and angular equations.
VI. DOUBLY ROTATING KERR (A)DS BLACK HOLES
Rotating black holes in higher dimensions were first discussed in the seminal paper by Myers and Perry [44] . One of the unexpected results to come from this work was that some families of solutions were shown to have event horizons for arbitrarily large values of their rotation parameters. The stability of such black holes is certainly in question [45, 47] , with numerical evidence recently provided by Shibata and Yoshino [46] .
Another new feature of the Myers-Perry (MP) solutions is that they in general have
spin parameters, making them more complex than the four dimensional Kerr solution. The first asymptotically non-flat five-dimensional MP metric was given in Ref. [48] . Subsequent generalizations to arbitrary dimensions was done in Ref. [49] , and finally the most general Kerr-(A)dS-NUT metric was found by Chen, Lü and Pope [50] .
In this section we review how the AIM can be used to solve the D ≥ 6 two-rotation scalar perturbation equations (for more details on the metric and resulting separation see Ref. [51] ). The scalar field master equations are found to be [51] :
the radial and angular frequencies are defined by: 6) and i = 1, 2. In the above g is the curvature of the spacetime satisfying R µν = −3g 2 g µν (e.g., see Ref. [50] ), and a 1 , a 2 are the two rotation parameters and for later reference we define = a 2 /a 1 . Doubly rotating black holes are more complicated than simply rotating black holes (cf. Ref. [52] ), because two rotation planes lead to two coupled spheroids which are also needed for the solution of the radial equation.
A. Radial Quasi-Normal Modes
For simplicity we will consider the flat case, setting g = 0, which leads to easier QNM boundary conditions (cf. Schwarzschild to Schwarzschild-dS). These satisfy the boundary condition that there are only waves ingoing at the black hole horizon and outgoing waves at asymptotic infinity.
As we have shown with the previous examples, it is easier to work on a compact domain and define the variable x = 1/r, so that infinity is mapped to zero and the outer horizon stays at x h = 1/r h = 1. The domain of x will therefore be [0, 1]. Thus the QNM boundary condition is translated into the statement that the waves move leftward at x = 0 and rightward at x = 1. We again choose the AIM point in the middle of the domain, that is, at x = 1/2.
In terms of x the radial equation (6.1) becomes:
where ∆ x (x) ≡ ∆ r (r = 1/x) and ω x (x) ≡ ω r (r = 1/x). After performing some asymptotic analysis, we find that for the solutions to satisfy the QNM boundary conditions we must have:
We then substitute this ansatz into Eq. (6.7) and rewrite into the AIM form:
This final step above can be performed in Mathematica, where the resulting expressions for λ 0 and s 0 are fed into the AIM routine. The method we use to find the QNMs proceeds in a fashion similar to that used in Ref. [53, 54] (see also Sec V C) except we use the AIM instead of the CFM. First we set the number of AIM iterations in both the eigenvalue and QNM calculations to sixteen. We start with the Schwarzschild values (b 1 , b 2 , ω), that is, at the point (a 1 , a 2 ) ∼ 0 and then increment a 1 and a 2 by some small value. We take the initial eigenvalues (b 1 , b 2 ), insert them into the radial equation (6.8) then use the AIM to find the new QNM that is closest to ω using the Mathematica routine FindRoot.
Taking this new value of omega, ω , we insert it into the two angular equations (at the same value of a 1 and a 2 ) then solve using the AIM, searching closest to the previous b 1 and b 2 values. Thereby obtaining the new eigenvalues b 1 , b 2 . We then repeat this process with the new (ω , b 1 , b 2 ) as the starting point until the results converge and we have achieved four decimal places of accuracy. When this occurs we increment a 1 and a 2 again and repeat the process. In this way, we are able to find the QNMs and eigenvalues along lines passing approximately through the origin (that is, starting from the near Scwharzschild values) in the (a 1 , a 2 ) parameter space.
As an example, we have plotted various values of = a 2 /a 1 (= 0, 0.2, 0.4, 0.6, 0.8, 1) against a 1 and used an interpolating function to interpolate between these values as shown in Fig. 1 (for further details see Ref. [51] ).
VII. SUMMARY AND OUTLOOK
In this review we have shown that the AIM can be used to calculate the radial QNMs of a variety of black hole spacetimes. In particular, we have used it to calculate perturbations of Schwarzschild (in asymptotically flat, de Sitter and anti-DeSitter), RN and Kerr (for spin 0, 1 and 2 perturbations) black holes in four dimensions. We argued that the method will be of use in studies of extra dimensional black holes and gave an explicit example of this in the case of the doubly rotating Myers Perry black hole. We have hopefully demonstrated how the AIM can also be applied to radial QNMs and not just to spheroidal eigenvalue problems [11, 31] . Given the fact that the AIM can be used in both the radial and angular wave equations [31] we expect no problems in obtaining QNMs for Kerr-dS black holes in four and higher dimensions. Note that this was only recently accomplished via the CFM in Ref. [55] using Heun's equation [56] to reduce the problem to a 3-term recurrence relation. In higher dimensions a similar method was used for simply rotating Kerr-AdS black holes [52] .
It remains to be seen if the AIM can be tailored to handle asymptotic QNMs (see Ref. [57] for an adapted version of the CFM). However, given the close relationship between the AIM and the exact WKB approach [58] , it might be possible to adapt the AIM to find asymptotic QNMs [59] [60] [61] [62] numerically or even semi-analytically.
The AIM might be of some topical use, for example, in the angular spheroids/QNMs needed in the phenomenology of Hawking radiation from spinning higher-dimensional black holes, for a recent review see Ref. [63] . We recently used a combination of all the techniques discussed in this work to evaluate the angular eigenvalues, 0 A kjm , for real c = aω, which are needed for the tensor graviton emission rates on a simply rotating Kerr-de Sitter black hole background in (n + 4)-dimensions [64] (also see Ref. [65] ) and it might also be interesting to find QNMs of doubly rotating Kerr-(A)dS black holes (for asymptotically flat Kerr see Ref. [51] ). Finally, attempting to solve the QNMs for all spins on the Schwarzschild-AdS background via the AIM also seems an interesting problem.
As such we hope to have provided the reader with enough technical details, and to have addressed some of the possible questions to allow them to pursue the study of QNMs with the AIM. CFM larger l modes require more iterations/recursions to achieve convergence in a given l eigenvalue to the required precision. Care should be taken when comparing the number of iterations in the AIM with that of the number of recursions in the CFM, because one iteration of the AIM is not equivalent to one iteration of the CFM. In fact although we typically need to iterate the improved AIM on average a lesser number of times, the CFM is typically faster for smaller values of c. However, for larger values of c both methods can be faster or slower.
The results of the first few l eigenvalues for different values of c = aω, with m = 1, are presented in Table XIII . As far as we are aware this is the first time tables of spin-2 spheroids (for general complex c) have been presented using the AIM. Further results are presented in Sec. V C along with the radial QNMs for the spin two perturbations of the Kerr black hole in Table XII. 
